Introduction
This paper considers the existence and uniqueness of the solutions to the closed boundary value problem BVP , for the following impulsive fractional differential equation:
C D α x t f t, x t , t ∈ J : 0, T , t / t k , 1 < α ≤ 2,
Δx t k I k x t 
Preliminaries
Let us set J 0 0, t 1 
where the function h t has absolutely continuous derivatives up to order n − 1 .
The following lemma was given in 4, 10 .
Lemma 2.4. Let α > 0, then
The following theorem is known as Burton-Kirk fixed point theorem and proved in 21 . Next we prove the following lemma.
Lemma 2.7. Let 1 < α ≤ 2 and let h : J → R be continuous. A function x t is a solution of the fractional integral equation:
x t ⎧ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎨ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎩ t 0 t − s α−1 Γ α h s ds Ω 1 t Λ 1 Ω 2 t Λ 2 , t ∈ J 0 t t k t − s α−1 Γ α h s ds 1 Ω 1 t k i 1 t i t i−1 t i − s α−1 Γ α h s ds T − t k Ω 1 t Ω 2 t t − t k k i 1 t i t i−1 t i − s α−2 Γ α − 1 h s ds 1 Ω 1 t k−1 i 1 t k − t i t i t i−1 t i − s α−2 Γ α − 1 h s ds Ω 1 t T t k T − s α−1 Γ α h s ds Ω 2 t T t k T − s α−2 Γ α − 1 h s ds 1 Ω 1 t k i 1 I i x t − i I * k x t − k Ω 1 t k−1 i 1 T − t i I * i x t − i Ω 2 t k−1 i 1 I * i x t − i k−1 i 1 t − t i I * i x t − i , t ∈ J k , k 1, 2, . . . , p
if and only if x t is a solution of the fractional BVP
where
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2.8
Proof. Let x be the solution of 2.7 . If t ∈ J 0 , then Lemma 2.4 implies that
for some c 0 , c 1 ∈ R.
If t ∈ J 1 , then Lemma 2.4 implies that
2.11
Observing that
hence, for t ∈ t 1 , t 2 ,
2.14
If t ∈ J 2 , then Lemma 2.4 implies that
2.15
for some e 0 , e 1 ∈ R. Thus we have
2.16
Similarly we observe that 
2.18
Hence, for t ∈ t 2 , t 3 ,
2.19
By a similar process, if t ∈ J k , then again from Lemma 2.4 we get
2.20
Now if we apply the conditions:
we have
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In view of the relations 2.8 , when the values of −c 0 and −c 1 are replaced in 2.9 and 2.20 , the integral equation 2.7 is obtained. Conversely, assume that x satisfies the impulsive fractional integral equation 2.6 , then by direct computation, it can be seen that the solution given by 2.6 satisfies 2.7 . The proof is complete.
Main Results

Definition 3.1. A function x ∈ PC
1 J, R with its α-derivative existing on J is said to be a solution of 1.1 , if x satisfies the equation C D α x t f t, x t on J and satisfies the conditions:
3.1
For the sake of convenience, we define
The followings are main results of this paper. 
Moreover, consider the following:
3.3
Then, BVP 1.1 has a unique solution on J.
Proof. Define an operator F :
3.4
Now, for x, y ∈ PC J, R and for each t ∈ J, we obtain 
T pL 3 x s − y s .
3.5
Therefore, by 3.3 , the operator F is a contraction mapping. In a consequence of Banach's fixed theorem, the BVP 1.1 has a unique solution. Now, our second result relies on the Burton-Kirk fixed point theorem.
